We investigate the close connection between the quantum phase space Wigner distribution of small-x gluons and the color dipole scattering amplitude, and propose to study it experimentally in the hard diffractive dijet production at the planned electron-ion collider. The angular correlation between the nucleon recoiled momentum and the dijet transverse momentum will probe the nontrivial correlation in the phase space Wigner distribution. This experimental study will not only provide us with three-dimensional tomographic pictures of gluons inside high energy proton, but also give a unique and interesting signal for the small-x dynamics with QCD evolution effects.
distributions are defined through the following matrix elements,
where F µν represents the field strength tensor, x and q ⊥ for the longitudinal momentum fraction and the transverse momentum for the gluon, b ⊥ for the coordinate space variable. The above Wigner distributions not only provide us with the momentum distribution of the corresponding parton, but also give the average location of that parton w.r.t. the center of target hadron. In the following, we will work in the small-x limit where we can simplify the above expression and relate it to the dipole scattering amplitudes commonly used in the small-x factorization approach. The Fourier transform of the Wigner distribution w.r.t. the impact parameter b ⊥ is also referred as the generalized transverse momentum dependent (GTMD) gluon distribution [16, 17] .
In Ref. [18, 19] , it has been demonstrated that TMD gluon distributions are related to small-x unintegrated gluon distributions. The Weizsäcker-Williams (WW) and the dipole gluon distribution used in small-x formalism correspond to two gauge invariant but topologically different operator definitions. In order to pursue deeper connections between Wigner distributions and small-x impact parameter dependent gluon distributions, we first use the dipole gluon distribution as an example, and we will comment on the case of the WW gluon distribution in the end. Following the convention in Ref. [20] , we write down the GTMD dipole gluon distribution as
where U [±] are the future/past-pointing U-shaped Wilson lines which make the operator gauge invariant. Its Fourier
Following similar derivation used in Ref [19] [20] [21] in the small-x limit, one can show that Eq. (2) reduces to
where we can recognize the impact parameter dependent dipole amplitude. Let us define its double Fourier transform
Then we can succinctly write xG DP (x, q ⊥ ,
. Setting r ⊥ = 0 in the above expression, we obtain the normalization condition for
Gluon Tomography Induced by Small-x Dynamics. In the small-x literature, the dipole scattering amplitudes have been widely used to describe the relevant processes such as the inclusive DIS, inclusive hadron production in pA collisions. In these calculations, the dipole amplitude is averaged over the azimuthal angle of impact parameter b ⊥ . This is because most of the observables discussed in phenomenology so far are not sensitive to the b ⊥ -dependence. On the other hand, there have been theoretical investigations [22] [23] [24] on the correlation between b ⊥ and the dipole size r ⊥ , which eventually leads to nontrivial correlations between b ⊥ and the transverse momentum q ⊥ in the gluonic Wigner distributions. In the following, as a simple example, we illustrate how these correlations are generated at small-x in the BFKL approximation. This provides an intuitive picture of small-x gluon distributions in the nucleon.
Let us consider the dipole scattering amplitude off a dipole x ⊥ (quark at x ⊥ /2, antiquark at − x ⊥ /2) evolved up to rapidity Y = ln 1/x. Define the dipole T-matrix in impact parameter space as
In the BFKL approximation, T is given by [22] [23] [24] 
where
is the BFKL characteristic function. In the high energy limit, the n = 0 part of the solution gives the leading contribution. Using the saddle point approximation around ν = 0 and taking the limit x ⊥ ≪ b ⊥ , r ⊥ , we can cast Eq. (5) into
Clearly, one sees that there is nontrivial angular correlation between b ⊥ and r ⊥ contained in Eqs. (5) and (6) . When b ⊥ is parallel to r ⊥ , the scattering is stronger than the case when b ⊥ is perpendicular to r ⊥ . This is a known phenomenon, see for example Ref. [29] . Such a correlation is expected to survive near the nonlinear saturated regime. Indeed, away from the BFKL saddle point, the saturation momentum Q s is defined by the condition
This is consistent with the numerical study of the nonlinear small-x evolution (e.g., the Balitsky-Kovchegov evolution [25, 26] ) in Ref. [27, 28] where it was observed that the angular correlation exists even when b ⊥ and r ⊥ are of the same order. These features should be a guiding principle when building saturation models with angular correlations. The elliptic (∼ cos 2φ) angular correlation can be seen also in the momentum space. After averaging over the angular orientation of the target dipole x ⊥ , we find that the Fourier transform of
in the high energy limit. Depending on relative size of q ⊥ and ∆ ⊥ , T (q ⊥ , ∆ ⊥ , Y ) could have sizable angular correlations with only even harmonics (it is not hard to show that all odd harmonics vanish). In the case of BFKL linear approximation, we have xG DP (x, q ⊥ ,
for the case with finite momentum transfer.
Correlated Hard Diffractive Dijet Production in DIS. Now let us discuss diffractive dijet production in electron-ion collisions, which has been studied quite recently in Ref. [30] , and demonstrate that it directly probes the dipole gluon GTMD. Diffractive events imply that a color neutral exchange must occur in the t-channel between the virtual photon and the target hadron over several units in rapidity. Following the same framework developed in Ref [19] , by requiring that the final state quark-antiquark pair forms a color singlet state, we can write the cross section for diffractive dijet production as illustrated in Fig. 1 as follows
for the transversely polarized photon. A similar cross section formula can be written for the longitudinally polarized photon. In Eq. (11), y 1,2 and k 1,2⊥ are rapidities and transverse momenta of the final state quark and antiquark jets, respectively, defined in the center of mass frame of the incoming photon and nucleon.
Diffractive dijet production in electron-ion collisions. Here we assume that the incoming virtual photon has only the longitudinal momentum. The signature of the diffractive process is the rapidity gap between the produced dijet and the target hadron which remains intact.
the typical dijet transverse momentum and ∆ ⊥ is the nucleon recoiled momentum which equals to −(k 1⊥ + k 2⊥ ) at leading order. We are interested in the back-to-back kinematic region for the two final state jets where
is not too large. Then we expect that the above q ⊥ integrals are dominated by the region q ⊥ ∼ P ⊥ and the cross sections are roughly proportional to F 2 x (P ⊥ , ∆ ⊥ ) for back-to-back dijet configurations. Thus, the diffractive dijet production will be sensitive to the correlation between P ⊥ and ∆ ⊥ as mentioned in Ref. [30] .
With the detector capability at the future EIC [3] , we will be able to identify both P ⊥ and ∆ ⊥ and measure the angular correlation between them. In particular, the elliptic angular correlation cos 2 (φ P ⊥ − φ ∆ ⊥ ) can be observed in this process. By plugging in the cos 2φ asymmetry in the gluon Wigner distributions from the numerical studies of Balitsky-Kovchegov evolution with impact parameter dependence [27, 28] , we find that it will lead to a few percent cos 2 (φ P ⊥ − φ ∆ ⊥ ) asymmetries in the typical EIC kinematics. More sophistic calculations shall follow to generalize the saturation models [11, [31] [32] [33] to incorporate this particular angular correlation feature. We leave that for a future study. Comparing the theoretical computations with the future experimental data will provide us much more insights on the experimental signature of small-x dynamics.
Summary and Discussions. To conclude, let us make some further but brief comments on the consequence of this work, while we will leave the detailed discussion for a future publication.
• In principle, as far as the gluon Wigner distribution is concerned, there should be correlation between the two vectors q ⊥ and b ⊥ , which can be shown in theoretical studies for the dipole scattering amplitude in the small-x region. In order to demonstrate this non-trivial correlation, we parametrize the above Wigner distribution as
where φ is the azimuthal angle between q ⊥ and b ⊥ . The first term above represents the azimuthal symmetric distribution, whereas the rest of other terms stand for the azimuthal asymmetric distribution. For example, due to the cos(2φ) nature of the second term, we call it the Elliptic Gluon Wigner Distribution, and in short, elliptic gluon distribution. This is quite similar to the elliptic flow phenomena observed in heavy ion collisions.
• Let us further comment on the WW gluon distribution case. Following the same technique used above for the dipole gluon Wigner distribution, we generalize the WW gluon distribution at small-x as follows
which allows us to find
Due to the known connection between the WW gluon distribution and color quadrupoles at small-x [19] , it is expected that one needs to generate a color quadrupole at the amplitude level in order to probe the WW Wigner distribution. This requires two incoming photons at once which produce four-jet diffractive events in the final states. It seems to be very challenging to measure this type of events at EIC. Nevertheless, it is more probable to perform such measurement in ultra-peripheral diffractive AA collisions at the LHC where photons are much more abundant in the wavefunction of colliding nuclei.
• It is also interesting to note that one can generalize the above derivation to obtain the linearly polarized part [34] [35] [36] [37] [38] [39] [40] [41] of the WW and dipole gluon Wigner distribution when the indices of derivatives are off-diagonal, instead of diagonal as in Eqs. (1, 2) . The cross sections for dijet and four-jet productions depend on both the unpolarized and linearly polarized gluon distributions, which are related in the small-x formalism [37, 38] .
In addition, when integrating over q ⊥ in Eqs. (1,2) with off-diagonal indices, the gluon Wigner distributions will reduce to the so-called helicity flip gluon GPDs (also called gluon transveristy), which have been extensively discussed in the collinear GPD framework [42] [43] [44] [45] . The nontrivial correlations between q ⊥ and ∆ ⊥ play important roles in the integral to obtain the helicity flip gluon GPDs.
The parton Wigner distributions, which contain the most complete information, are the cornerstones of all parton distributions. We demonstrate that gluon Wigner distributions are closely related to the impact parameter dependent dipole and quadrupole scattering amplitudes, and point out that they can be measured in diffractive type events at EIC and the LHC.
